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Nonlinear Scaling Laws for Parametric Receiving Arrays

Part II Numerical Analysis

by

J. W. Kesner and F. H. Fenlon

ABSTRACT

N,

ZESi This report outlines the procedures used in a computer program for
calculating nonlinear scaling laws for parametric receiving arrays. The

basic equations, the program input and output, the program listing, and

'sample computer runs are included. The program output is in the form of

curves for harmonic amplitudes as a function of range, the 'extra dB loss"
as a function of range, and @arametric receiving array beam patterns at
given ranges. Both detailed analytical solutions and approximate solutions

are available in the computer program.
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THEORY

part I of this report CoOvers the theoretical analysis that forms
the basis of the computer program. The salient equations are presented
here to indicate what the computer program does.

The spectral amplitudes ¥, of the axial pressure field are given by

the solutions to the differential equations

d _ ) ) i i [ o]

———(Wn) = -(AC) Y j(B SWCN) ¥, jDz_ ¥ A (1)
dR me - 00

where Y, is the complex spectral amplitude of the nth harmonic in

the pressure field
R is the normalized range = range/Rayleigh distance
A = 0 for plane wave cases
= 1/R for spherical wave Cases

= R/(1+R2) for mixed (plane and spherical wave) cases

B = 1/(1+R2) for mixed cases with phase
= 0 for plane, spherical, and mixed-no phase cases
C = nP(E /) (T )ATTE
fs/f0 = source frequency to pump frequency ratio
4Ty = attenuation coefficient at fo times the Rayleigh distance
MTF = 1+ 0.69145%SALN/ (Ln2AsHK’)
SAIN = water salinity in parts per 1000
SWK = sea wate:r K
D = (/4 (/o
o, = scaled source tone
SHON =  0.69145#SALNADDTAC_* (k o)/ (1+n?*sWK%)




Cy = small signal speed of sound (<1500 m/s in program)
kI, = wavenumber times Rayleigh distance at f

DOT =  0.538%1072%(1-6.54%10™ **PRES)
PRES = pressure in atmospheres .

A differential equation solving routine, VODQ, which is described in
Appendix A, is used to solve equation (1) for ¥ Only those equations
which are non-zero are included in the solution vector. The program user
specifies the number (NHL) of lower harmonics (of fs) and the number (NHH)
of higher harmonics (of fo) that he wants to consider. These harmonics are
the only ones that are used in the differential equation. For example if

NHL = 3, NHH = 2, and fo/fS = 10, then the solution vector would only

contain

¥, Yo Y3u Yo, Yes Yoo Y900 Y190 Y120 Y130 Y170 Y10 Y190 Yoo Yoo Yo2r Y23
By definition ¥, = 0.
and Vo = W; = complex conjugate of L

By specifying NHL, NHH, and fo/fs the infinite sum in equation (1) becomes
a finite sum over at most
NHL + NHH*(2*NHL+1)
different positive values of m, For harmonics other than the ones deter-
mined by NHL, NHH, and (fo/fs), i ¥ 0.
The initial vaiues of ¥ that are used depend on the type of problem
that is being solved. If the user simply wants to see the harmonics

generated by a single frequency then the initial value of ¥ = (0+j1) and

all other initial wn values are zero.

.




If the user wants an up-converstion case then

FR = (0+j1) where NFR = fo/fS
and ¥ = (0+J.P)
where P = PSO for a plane wave case
- PSO*EXP(—aoro/NFFLZ) otherwise .
PSO = signal to pump amplitude ratio.

At each normalized range R the incoming signal is fed into the differential

equation as

¥ o= PSO*EXP(-aOro*R/NFRZ)*{sin(ARG)+jcos(ARG)}

.2
where ARG 2*(koro)*R*(fs/fo)*51n (0/2)

angle of intersection between signal and pump
wave normals.

and 0

If the user is interested in a difference frequency case then

= (0+0.5) and ¥y = (0+50.5)

NFR-1 NER
for the two primary frequencies and the difference frequency amplitude

will be generated in ¥

The extra dB loss for ¥, is computed from the formulas

1

EXDB = - {20*log10(W1(R)) + 8.686*a0r0*R} for plane wave cases

EXDB = - {20*log10(W1(R)) + 8.686*a0r0*(R—1) + 20*10g10(R)} for spherical
wave cases

EXDB = - {20*10g10(W1(R)) + 8.686*a0r0*R + 20*log10(¢ 1+R2)} for mixed cases.
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APPROXIMATE EXPRESSIONS

Approximate expressions for wl(R) and wNFRfl(R’e) were generated

in part I of this report. These are also included in the computer

program as an alternative to solving the differential equations.

user has the choice of two expressions for wl(R). One uses the El
function and the other involves a definite integral. The integral

form seems to give better results. These expressions are given below.

Approximate expression for wl(R) --- El1 form.

wl(R) EXP (-aoro*R) for plane wave cases

= *
EXP ( a T, R)

4 (R)

RPV/ 1+ (0,/2) ZHEXP (401 )*(EL (2a r )-EL (2u 1 _*RP)}*

where RP = R for spherical wave cases
and RP = 1+R for mixed cases.

Approximate expression for wl(R) --- integral form.

- *
EXP ( aoro.B)

¥ (R) =
RPV 1+(o_/2) “*{° EXP(-2a_r_*R)/RP dR}*
where a=0,b=R, RP=1 for plane wave cases
a=1,b=R, RP=R for spherical wave cases
a=0,b=R, RP =\/1+R2 for mixed cases.

Approximate expression for wNTR+1(R’e)

wNFR"‘l (R,8) =

{(00/2‘*EXP(-a

e 1T R)/RPI gb XP* (X)*EXP (a_r_*X)*cos (KK) dX

1




- 2y
where anpre1To (1+fs/fo) a T

st}
1

<
]

(o]
K = Z(ksro)*sinz(e/Z)
(fs/fo) *koro

n

T
kSO

o 2
koro (koa) /2

koa = wavenumber at fo times radius of circular piston

projector
- 0, b=R, RP=1, XP =1 for plane wave cases
=1, b=R, RP=R, XP =X for spherical wave cases
= 0, b =R, RP =¥ 1+R", XP =\/;:;7f for mixed cases

angle of intersection between signal and pump wave normals.
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PROGRAM INPUT

The computer program may be run from a remote terminal or by cards

as a batch job.

The data for the program is in free field format which

means that the data does not have to be in any particular column,

Input variables which begin with the letters I, J, K, L, M, N are

integers and should not have any decimal point. All other variables

must have a decimal point. For lines of input data that have more than

one number the data values must be separated by commas.

Input 1

Input 2

NOC

number of separate cases being run

LUP, LPS, NFR, NHL, NHH, NAR, NSG, LAP, NSC, IRM

LUP

LPS

NSG

NSC

M

1 for one frequency harmonic studies

2 for up-conversion cases

3 for difference frequency cases

0 for plane wave cases

1 for spherical wave cases

2 for mixed cases with phase

3 for mixed cases without phase

fo/fs = pump frequency to signal frequency ratio
number of lower harmonics (of fs)

number of higher harmonics (of fo)

number of a T, values

number of 9, values

1 if the approximate expressions are to be used
0 if the analytical solution is to be used

0 for range scaling without ay

1 for range scaling with %

1 for beam pattern (only if LUP =2 and LAP = 1)

0 for no beam pattern

-
. e




Input 3
Input 4
Input 5

Input 6

Input 7

Input 8

Input 9

st vy el SN v i L

XMAX = maximum range scale value

AR(L), L=1, ..., NAR a r_values

00
SG(L), L

1, ..., NSG % values
SALN, PRES, TEMC, ITA, SWK, AKDA

SALN = salinity of water in parts per 1000

PRES = pressure in atmospheres
TEMC = temperature in degrees centigrade

(not used in present version of program)
ITA = 1 for Marsh & Schulkin form

2 for Russian form
(not used in present version of program

SWK = sea water K
AKOA = koa = wavenumber at fo times piston radius

IAP (input only if LAP = 1)

IAP = 1 for El approximate form

2 for integral approximate form

RBM, TMAX (input only if IBM = 1)

RBM = normalized range R at which beam pattern is taken

TMAX = maximum angle in degrees between pump and signal
normals., The beam pattern is from 0° (on axis)
to TMAX,

PSO, LPP (input only if LUP = 2)

PSO

signal to pump amplitude ratio

LPP = 1 for only the YNFR-1 SUTVE plotted

2 for only the UNFR+1 CUTVE plotted

3 for both the wNFR-l and wNFR+1 curves plotted

-t
1
¥
-
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PROGRAM OUTPUT

The program output is in the form of curves for the axial harmonic
amplitudes (wl(R), wz(R), wNFR—l(R)’ wNFR+fR)) as a function of range,
the "'extra dB loss'" of wl(R) as a function of range, and parametric
receiving array beam patterns (wNFR+1(R,e)) at given ranges. A variety
of range scales are used. For plane wave cases the range scale is coR
or R. For spherical wave cases the range scale is ooln(R) or In(R). For
mixed cases the range scale 1is % arcsinh(R) or arcsinh(R). The "extra
dB loss'' curves are plotted against R. The wNFR-l(R) and wNFR+1(R) curves
are plotted against R for plane, spherical, and mixed cases.

Many cases were run during the development of the program in order
to test the validity of the answers that the computer program was giving.
Several of these test cases are included in the figures to show the com-

parisons between different assumptions, such as plane wave, spherical wave,

and mixed wave cases, and to show the accuracy of the approximate expressions.

Several figures are included to show the versatility of the computer pro-
gram since it will handle harmonic studies, up-conversion cases, and beam
pattern studies. All the figures shown were also chosen with the idea
of demonstrating how the harmonic amplitudes and beam patterns change
with the various parameters, such as o

T, © and fo/fs.

0 o’

Figures 1 and 2 are plane wave cases that show wl(R), wZ(R), and
wS(R) for two values of a r_ and four values of co/aoro.
Figures 3 and 4 are spherical wave cases that show wl(R)"wz(R)’
and extra dB loss for two values of a.T e
Figures 5, 6, and 7 are mixed wave cases that show wl(R), wZ(R),
and extra dB loss for three values of asT, and compare the curves generated

by the approximate and analytical methods. In addition, figure 7 covers a

range of five 9y values.



Figure 8 compares the spherical and mixed wave curves for wz/wl
cud ws/wl with simiiar curves previously generated by Fenlonl.

Figure 9 shows the similarity of the two up-converted signals
bprg ®) and vy g (R).

Figure 10 compares wNFR+1(R) as generated with the mixed phase and
mixed no phase assumptions and with the mixed approximate integral
expressions.

Figure 11 shows wNFR+1(R) for three values of fb/fs'

Figure 12 shows wNFR+1(R) for two extreme values of a T, and two
extreme values of Ty

Figure 13 shows up-converted beam patterns for three values of
f'o/fS at two different ranges. One range is at the peak of the y\pp ;(R)
curve and the other range is in the far-field of the wNFR+1(R) curve,

Figure 14 shows up-converted beam patterns for four value of %%
at two different ranges. Some of these patterns are near-field patterns
and some are far-field patterns because the peak of the wNFR+1(R} curve

changes with 0o




COMMENTS ON THE PROGRAM

The user should have a good idea of the normalized range scale
he is interested in so that he can input an appropriate value for XMAX,
It was found that using NSC = 0 (no % scale) was often more convenient
when plotting curves for a range of % values. For up-conversion cases
using the approximate expressions it is important to use a value of XMAX
that is not too large because the wl(R) curve is precomputed at a finite
number of points over the range up tc XMAX and interpolation is used for
values of R other than those prestored. Becarse of the steep rise and
peak of the wl(R) curve it is necessary to have several points in this
region. Otherwise, a poor representation of wl(R) will result and the
resulting WNFR+1(R) curve will be no good. Program running cost was the
main reason for prestoring the wl(R) curve.

One suggested change to the program is to include a multiplying
factor Gm inside the summation of equation (1), but only for them = - «

tom = 0 terms in the mixed with phase case. The suggested Gm term is

G, = 1/Q + 20/ (RD* (£ /£))).

Another suggestion for making the program more complete is to

replace the term cos(KR) in equation (2) with the term sin(KR) + j cos(KR).

If the product KR in equation (2) is large enough then false lobes
can appear because of the accuracy limitations in numerical integration
of a rapidly varying function. These false lobes have shown up in figure 13

where the product KR is very large for some of the cases.

10
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As an added feature, the computer program has been set up so that
difference frequency cases can alsc ‘e run. Most of the necessary changes
to the program have been made, but nave not been thoroughly checked out.
If anyone would like to use the difference frequency part of the program
it is suggested that he contact the authors first.

For more details of exactly what the computer program does, the

reader is referred to the program listing which is included in this report.

11




1.

REFERENCE
F.H. Fenlon, "A Recursive Procedure for Computing the Nonlinear
Spectral Interactions of Progressive Finite-Amplitude Waves in

Nondispersive Fluids", J. Acoust. Soc. Am. 50, 1299-1312 (1971).

12

i




APPENDIX A

Included in this appendix are descriptions of the packaged routines
that are used in the program. The routines VODQ, ROMBS, and DEI are
from the JPL Fortran V Subroutine Directory, Edition No. 4, October 1970.

The routines TSCALE, TSETUP, and TPLOT are from the Westinghouse Research

Laboratories Fortran library.
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dPﬂ FORTRAW V SUBROUTINE DIRECTORY 25 SEP 70 12-2

12,1, INITIAL VALUE PROBLEM .

12.1,1. NUMERICAL SOLUTIONs, S.Pe AND D,P,

12,1.,1.1. IOENTIFICATION

NUMERICAL SOLUTION OF ORDINARY DIFFERENTIAL EQUATIONS,

LANG FILE ELT/VERS SIZE ENTRY NAMES

F=Vv LIoxJPLS VOI1Go/JPL 5257(8)=2735(1¢) VOD@,VvV0DQ1,VvVODGG
SUBROUTINE USED: HNONE#H

COGNIZANT PERSON: F, T, KROGH, SECTION 314, JUPL, 1969 JUNE 10

12,1.1.2. PURPOSE .-

THIS SUBROUTIWNE COMPUTES THE NUMERICAL SOLUTION OF THE INITIAL
VALUE PROBLEM FOR A SYSTEM OF ONE OR MORE ORDINARY DIFFERENTIAL -
EQUATIONMS, '

12,.,1+3. REFERENCE

1. F., T, KROGH» VODG/SVDQG/DVDQ = VARIABLE ORDER INTEGRATORS FOR
THE MUMERICAL SOLUTION OF ORDINARY DIFFERENTIAL EGUATIONS,
SECTION 214 SUBROUTINE WRITE=-UP, JPL, MAY 1969,

2 F. T, KROGHr 'ON TESTING A SUBROUTINE FOR THE NUMERICAL

INTEGRATION OF ORDINARY DIFFERENTIAL EQUATIONS's, JPL, SECTION
314s TM NO, 217, MAY 1969,

12,1,1.4. PRECISION

THIS SUBROUTIME IS PRIMARILY SINGLE PRECISION, USING DOUBLE PRECI~ . ‘
SION ARITHMETIC ONLY AT A FEW CRITICAL POINTS, TWO OTHER VERSIONS |
OF THIS SUBROUTINE ARE ALSO AVAILABLE: SVDQs WHICH IS ENTIRELY
SINGLE PRECISION, AND DVDG, WHICH IS ENTIRELY DOUBLE PRECISION. :
SEE THEIR WRITE=UPS FOR MINOR DIFFERENCES IN USAGE. '

12.1,1.5+ REMARKS

THE ORDINARY DIFFEREMTIAL EGUATIONS MAY BE OF ORDERS 1+2¢3s OR U,
AND NCED NOT ALL BE OF THE SAME ORDER, IT IS SUGGESTED THAT IF AN

Tt

- !
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JPL FORTRAN V SUBROUTINE DIRECTORY 25 SEP 70 12=-3

ORDINARY DIFFERENTIAL EQUATION IS OF ORDER 2,30 OR 4, IT SHouULD
BE TREATED AS SUCH, RATHER THAN BEING REFORMULATED AS A SET OF
2+3, OR 4 FIRST ORDER ORDINARY DIFFERENTIAL EQUATIONS, THIS
PERMITS THE USE OF IMTEGRATION FORMULAS WHICH HAVE BETTER NUMERI=-

CAL STABILITY,

12.1,1.6. METHOD

THiS SUBROUTINE USES LINEAR MULTISTEP PREDICTOR-CORRECTOR FORMULAS

OF THC ADA+S=MOULTON TYPE WITH THE APPROPRIATELY GENERALIZED
FORMULAS FOR ORDIMNARY DIFFERENTIAL EQUATIONS OF ORDERS 2+3s AND
4, THE SUBROUTINE SELECTS THE ORDER (lsZs,e.» OR O) OF THE
FORMULAS INDLPENDENTLY FOR EACIHH ORDINARY DIFFERENTIAL EQUATION OF
THE SYSTEM A#D THEN SELECTS A STEP SIZE TO BE USED FOR THE ENTIRE
SYSTEM, THELSE SELECTIONS OF ORDER AND STEPSIZE ARE RECONSIDERED
AND POSSIBLY CHANGED AT EACH STEP, THE SELECTION IS HASED UPON
MAINTAINING NUMERICAL rTABILITY AND MEETING THE USER*S REQUESTED
LOCAL ACCURACY,

THE SUBROUTIMNE PROVIDES SPECIAL RETURNS BASED UPOMN EITHER THE
NUMBER OF STEPS: THE VALUE OF THE INDEPENDENT VARIABLE, VALUES OF
THE DEPENDENT VARIABLES» OR VALUES OF AUXILIARY FUNCTIONS., ONLY
THE FIRST TWO OF THESE FEATURES ARE DESCRIBED IN THIS WRITE=-UP,
SEE RCFERENCE { FOR THE OTHER TWO FEATURES WHICH INVOLVE USE OF
THE ENTRY POINT VODGG,

12.1,1.7. USAGE

INTEGER NEQoKD (HN1#) » IFLAG ,MXSTEP sKSTEP ¢ KEMAX,
. KQ(HNTH)

REAL ) EP(HNZ2H) s HMINA yHMAXA ,EMAX

REAL F(IN3H) yOT (100 NUKH)

DOUBLE PRECISION T,Y(BINSH) sHiDELT» TFINAL)YN(HNGH)

CALL VODQ (NEGsTo)YsFsKD)EP)IFLAGIH,HMINA/HMAXA,DELT, TFINAL,
MXSTEP  KSTEPsKEMAX ) EMAX KR, YN,DT)
GO TO ¢

4 CALL VODGl 6 GO TO (1G+10+3Co4us50+60¢70080) s IFLAG

1?2 [COMPUTE F( ) AS A FUNCTION OF T AND Y( ), IF
IFLAG = 2 THE VALUE OF T WILL BE UNCHANGED FROM THE PRE=-
VIOUS RETURN, THUS THE USER CAN EFFECT SOME REDUCTION OF EX~-
CCUTION TIME BY EVALUATING ANY SUBEXPRESSIONS OF F( ) WHICH
DEPEND OM T BUT NOT OM Y( ) ONLY WHEN IFLAG = 1+ AND

A3




JPL FORTRAN V SUBROUTINE DIRECTORY 25 SEP 70 12-4

REUSING THESE VALUES WITHOUT RECOMPUTING THEM WHEN
IFLAG = 2,1
GO TO &

39 [AN OUTPUT POINT HAS BEEN REACHED UNDER CONTROL OF DELT.)
GO TO 4 '

4n [ T HAS REACHED THE VALUE TFINAL,]
GO TO oo

2 [AN OUTPUT POINT HAS BEEN REACHED UNDER CONTROL OF
MXSTEP, J
Go To 4

67 [ACCURACY APPARENTLY BEING LIMITED 8Y ROUND=OFF ERROR, .- SUG=
GEST THAT EP( ) BE INCREASED,) ’
Go TO et B

72 [ ABS(H) NWEEDS TO BE LESS THAN HMINA TO ACHIEVE THE
ACCURACY SPECIFIED BY EP( ),])
GO TO oo

82 [ERRONEOUS OR INCOMPATIBLE SETTING OF CONTROL PARAMETERS,)

THE DIMENSIOMING PARAMETERS MUST SATISFY:

HNig /,GE, 1 IF KD(1)>0»
\,GE, NEQ IF KD(1)<n

Hilcn /.GE. 1 IF EP(1)>0'
\,GE, #Kk# IF EP(1)<)» WHERE #uK# IS THE SMALLEST INTEGER
FOR wHICH EP(H#KH#) ,GE, 0
HiddH s HNUH uNTH GE, MNEQ
RIISH HNOH «GE+ HKDTOTALSH
HKDTOTALH  /.EQs KD(1)4NEG IF KD(1)>0
\+.EQe SUM OF TIABS(KD(I)) FOR I = lieeerNEQ [IF
KD(1)<0

BEFORE CALLING VODQ, THE USER MUST ASSIGN INITIAL VALUES TO

A4



JPL FORTRAN V SURRQUTINE DIRECTORY 25 SEP 70 12-5

- — .

T AND Y( ) AND SET THE PARAMETERS NEQ,KD( )sEP( ),HsHMINA,
HMAXA DELT) TFINAL, AND MXSTEP, THE USER MAY CHANGE THE VALUES
OF EP( ) WHENEVER IFLAG = 1, AND MAY CHANGE THE VALUES OF
HMINA HMAXA)DELT) TFINAL) AND MXSTEP AT ANY TIME.

THE USER MUST COMPUTE F( ) WHENEVER THE SUBROUTINE RETURNS WITH
IFLAG = 1 OR 2,

THE SUBROUTIME WILL CHANGE THE VALUES OF T,Y( ),IFLAG,H,KSTEP,
KEMAX,EMAXo KG( )oYN( )y AND DOT( ) DURING THE INTEGRATION, ON
RETURNS WITH [FLAG = 3,4, OR 5 THE CURREMT VALUE OF THE SOLUTION
WILL BE COMTAINED IN TyY( )y AND F( ),

THE SUBROUTIIME PARAMETERS ARE DEFINED AS FOLLOWS:

NEQ NUMBER OF DIFFERENTIAL EQUATIOMS IN THE SYSTEM;

T INDEPENDENT VARIABLE, MUST BE SET TO ITS INITIAL VALUE
BY THE USER. THEREAFTER T wILL BE CHANGED BY THE
SUBROUTINE,

(YCI)»1=1,8#KDTOTALH) .DEPENDENT VARIABLES, FOR SYSTEM OF FIRST
ORDER EQUATIONS Y(I) IS THE I#xHTHH# DEPENDENT
VARTABGLE, IN THE CASE OF HIGHER ORDER EQUATIONS: THE
FIRST LOCATIONS OF Y CONTAIN THE DEPENDENT VARIABLE
ASSOCIATED WITH THE FIRST EQUATION AND ITS DERIVATIVES UP
TO ORDER ONE LESS THAN THE ORDER OF THE EQUATION (WITH-
THE LOWER ORDER DERIVATIVES STORED FIRST)e THEN FOLLOW
THE VARIABLES ASSOCIATED WITH THE SECOND EQUATION, ETC.
FOR EXAMPLE» FOR THE SYSTEM:

e
v"

FL(UsU' VoV, T)
Fa2(UsUyVyv?,T)

THE Y( ) ARRAY WOULD BE USED AS FOLLOWS:

Y1) = u
Y(2) = Uy
Y{3) = V
Y(4) = Vo

(F(I),I=1)NEQ) VERIVATIVE VALUES, IF #DI# ODENOTES THE ORDER
. OF THE TIx*#THH EQUATION, THEN F(I1) 1S THE HOIHexyTHY
DERIVATIVE OF THE IxxHTHH COMPONENT WITH RESPECT TO T.

' THE USER MUST PROVIDE THE CODE TO COMPUTE F(C )y GIVEN T

A5
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KD( )

EPC )

IFLAG

1]
[ 3

[}
n

KSTEP=KSOUT (SEE THE DESCRIPTION OF MXSTEP),

AND Y( ),

ORDER OF THE DIFFERENTIAL EQUATIONS IN SYSTEM, ODIFFEREN=
TIAL EQUATIONS WITH ORDER GREATER THAN 4 CAN ONLY BE
INTEGRATED BY BREAKING THEM INTO LOWER ORDER EQUATIONS:
OR BY CHANGING CERTAIN DATA STATEMENTS IN THE INTEGRA-
TOR, IF ALL OF THE DIFFERENTIAL EQUATIONS ARE OF THE .
SAME ORDER THEN IT SUFFICES TO SET KD(1) EQUAL TO THAT
ORDER (KD(1)>n), IF DIFFERENTIAL EQUATIONS OF MIXED
ORDER ARE TO BE INTEGRATED: KD IS A VECTOR WITH KD(1)<0
TO INFORM THE INTEGRATOR THAT THIS Is THE CASE, THE
ORDER OF THE Ix«NTHH EQUATION IS THEN GIVEN BY
ABS(KD(I)), (FOR I>1 ¢ KD(I) MAY BE EITHER POSITIVE
OR NEGATIVE).

PARAMETER USED TO CONTROL THE LOCAL ERROR. IF ONE WANTS
THE SAME LOCAL ERROR BOUND ON ALL COMPONENTS, THEN
EP(1)>0 AND THE ESTIMATE OF THE LOCAL ERROR IN EACH
COMPONENT IS KEPT LESS THAN EP(1)/1nr, FOR DIFFERENT
ERROR BOUNDS ON DIFFERENT COMPONENTS, LET EP(1)<0 FOR
I<#K#, AND LET EP(HMKH) ,GE, ¢e THE LOCAL ERROR CONTROL
FOR THE [I#*HTHH COMPONENT IS THEN BASED ON

ABS(EP(I)) FOR ICHKHN AND ON EP(HKH#) FOR I ,GE, #K#H,
SUGGESTIONS ON HOW TO SELECT EP( ) ARE GIVEN IN
REFERENCE 1, : |

PR

PARAMETER USED FOR COMMUNICATION BETWEEN THE INTEGRATOR
AND THE USER, THE INTEGRATOR SETS IFLAG AS FOLLOWS:

THE VALUE OF Y( ) FOR THE CURRENT STEP HAS BEEN PREDIC- |
TED. THE USER SHOULD COMPUTE F( ) AND CALL vODQ1, IF -

A RELATIVE ERROR TEST IS DESIRED, THE NEW VALUE(S) OF EP

SHOULD ALSO BE COMPUTED HERE,

THE VALUE OF Y( ) FOR THE CURRENT STEP HAS BEEN COR- t
RECTEDs THE USER SHOULD COMPUTE F( ) AND CALL VODQG1.

AM OUTPUT POINT HAS BEEN REACHED (SEE USAGE OF DELT ).
TO CONTINUE THE INTEGRATION CALL VvoDal.

T=TFINAL, IF VvOoDQ1 IS CALLED wITH T=TFINAL AND
IFLAG=4, IFLAG IS SET EQUAL 1O 8., IF THE VALUE OF
TFINAL 1S CHANGED THE INTEGRATION WILL CONTINUE.,

EMAX>0.1 AND IT APPEARS THAT REDUCING H WILL NOT HELP
REDUCE THE GLOBAL ERROR BECAUSE OF ROUND=OFF ERROR, IF

A6
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——

THI5 OCCURS, A LARGER VALUE OF EP( ) (OR OF
ABS(EP(KELMAX)) IF EP IS A VECTOR) SHOULD PROBARLY BE
USED, IF EPP IS NOT INCREASED, TOO SMALL A STEPSIZE IS
LIABLE To Bt USED., WE HAVE FOUND THA1 REPLACING EP( )
WITH TZ2#EMAX4EP( ) WORKS REASONABLY WELL, (NOTE THAT
EMAX IN MOST CASES WILL BE ONLY SLIGHTLY LARGER THAN
0slda

ABS(H)<HMINA., THIS MAY BE THE RESULT OF HALVING H, OF
COMING TO THE END OF THE STARTING PHASE WITH
ABS(H)<HMINA, OR OF THE USER INCREASING THE VALUE OF
HMINA, IF ONg WISHES TO CONTINUE WITH THE CURRENT VALVUE
OF H, SET HMINA ,LE, H AND CALL vOUGLl., 1IF THE STEP=-
SIZ2E HAS JUST BEEN HALVED (IM WHICH CASE

EMAX>Cs1)s ONE MAY CONTINUE WITH THE OLD STEPSIZE BY
SIMPLY CALLING vODGl, (SUCH AN ACTION IS RISKY WITHOUT
A CAREFUL AMNALYSIS OF THE SITUATION.) IF THE STEPSIZE
HAS 10T JUST BEEN HALVED, SIMPLY CALLING VODQ! WILL
RESULT IiN THC IMTEGRATION CONTINUING WITH THE CURRENT
VALUE OF Hy AND A RETURN TO THE USER WITH IFLAG=7 wILL
OCCUR AT THE CND OF EVERY STEP UNTIL ABS(H) ,GE. HMINA,

ERROR INDICATION, THE CONDITIONS WHICH MAY CAUSE IFLAG
TO BE SET EQUAL TO 8 ARE LISTED BELOW,

WHEN CALLING VODG:

NEQ LE. 74

H«DELT LE, O3

KD=2 OR KD>4 (KD A SCALAR)} :
KD(HIn)=0 OR ABS(KO(HIH))IDY FOR SOME HIH)HINZS1920,000
NEQ (KD A VECTOR)}

WHEN CALLING VODO1:

IFLAG=4 AND T=TFINAL}

EP=0 AND HMAXAZ1}

He (TFINAL=(INITIAL VALUE OF T))<u AND THE ESTIMATED
ERROR IN EXTRAPOLATING TO TFINAL FROM THE INITIAL POINT
(USING A FIRST ORDER METHOD) IS LARGER THAN PERMITTED BY
EP}

WHEN CALLING VODQG WITH NG#0:
NSTOP<O OR WSTOP>ABS(NG) (SEE USAGE OF THE VODGG

ENTRY IN THE COMPLETE WRITE-UP)

A7
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HMINA

HMAXA

. DELT

TF INAL

MXSTEP

IF voDQ1} IS CALLED WITH IFLAG SET EGUAL TO 8, THE - —
PROGKAM IS STOPPED AND AN ERROR MESSAGE IS PRINTED,

THE STEPSIZE, H CAN BE EITHER POSITIVE OR NEGATIVE,
WHEMN SELECTING THE INITIAL VALUE OF He THE USER -SHOULD

_REMEMBER THE FOLLOWING:

1. THE INTEGRATOR IS CAPABLE OF CHANGING H QUITE
RAPIULY AND THUS THE INITIAL CHOICE IS NOT CRITICAL,

2. IF IT DOES NOT LEAD 70O PROBLEMS IN COMPUTING THE
DERIVATIVES (E,G, BECAUSE OF OVERFLOW OR BECAUSE OF
TRYIIG TO COMPUTE THE SQUARE ROOT OF A NEGATIVE NUMBER)
IT IS BETTER TO CHOOSE H MUCH TOO LARGE THAN MUCH T0O
SMALL,

MINIMUM STEPSIZE PERMITTED (AFTER THE INTEGRATION IS
STARTED), AFTER THE INTEGRATION IS STARTED, AND WHEN H
IS HALVED, ABS(H) 1S COMPARED WITH ' HMINA, IF
ABS(H)<HMINA CONTROL IS RETURNED TO THE USER WITH - -
IFLAG=7, ‘

MAXIMUM STEPSIZE PERMITTED, THE STEPSIZE IS NOT DOUBLED
IF DUING SO WOULD RESULT IN ABS(H)>HMAXA,

OUTPUT IWCREMENT, DELT MUST HAVE THE SAME SIGN AS H.
INMITIALLY TOUT IS SET EQUAL TO THE INITIAL VALUE OF T,
WHENEVER T=TOUT A RETURN IS MADE TOo THE USER WITH
IFLAG=2, (THUS, IN PARTICULAR* A RETURN IS ALWAYS MADE
AT THE INITIAL POINT), WHENEVER VODQLl IS CALLED WITH
IFLAG=3, TOUT IS REPLACED WITH T+DeLT, IF TOUT DOES
NOT FALL ON AN INTEGRATION STEP, OUTPUT VALUES ARE
OBTAINED BY INTERPOLATION ON THE FIRST STEP THAT
(T=TOUT)«H>V, INTERPOLATED VALUES FOR BOTH Y AND F
ARE COMPUTED,

FINAL VALUE OF T, WHEN T REACHES TFINAL, CONTROL IS
RETURNWED TO THE USER WITH [IFLAG=4, OUTPUT VALUES ARE
OBTAINED BY EXTRAPOLATION IF TFINAL DOES NOT FALL ON AN
INTEGRATION STEP, IF ONE CHANGES TFINAL DURING THE
INTEGRATION SO THAT (TFINAL=T)*H<Or, AN IMMEDIATE
LUTERPOLATION IS PERFORMED TO OBTAIN THE OUTPUT VALUES.

MAXIMUM WUMBER OF STEPS BETWEEN OUTPUT POINTS, WHEN

A8
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KSTEP

KEMAX

EMAX

-

voDG! IS CALLED WITH 2 ,LE. IFLAG .LE, S¢ KSOUT IS
SET CQUAL TO KSTFP 4+ MXSTEP, A1 THE END OF EACH STEP.
KSTEP IS IMNCREMENTED AND COMPARED WITH KSOUT., IF

KSTEP ,GLt, KSOUT CONTROL IS RFTURNED TO THE USER WITH
IFLAG=S, THUS IF DELT IS SUFFICIENTLY LARGE. CONTROL
WILL BE RETURNED TO THE USER WITH IFLAG=5 EVERY MXSTEP
STEPS,

NUMBER OF IMTEGRATION STEPS TAKEN,
INDEX OF THE COMPONENT RESPOMSIBLE FOR EMAX (SEE BELOW)

LARGEST VALUE IN ANY COMPONENT OF (ESTIMATED ERROR)/uEdH
WHERE HEH=ABS(EP) FOQOR THE COMPONENT UNDER CONSIDERA=
TION, ORDIMARILY THE STEPSIZE 1S HALVED IF EMAX>0.1,
HOWEVERy WITH A RECENT HISTORY OF ROUND=OFF ERROR LIMIT=-
ING THE PRECISION, VALUES OF EMAX AS LARGE AS 1 ARE
PERMITTED. '

(KO(I),I=1,NEQ) VECTOR USED TO STORE INTEGRATION ORDERS. KaQ(I)

GIVES THE IMNTEGRATION ORDER USED ON THE Isx#THH EQUATION

(YN(I);I:lvﬂKDTOTALu) WORKING SPACE. (VECTOR USED TO STORE Y

AT THE END OF EACH IMTEGRATION STEP).

((DT(I,J) o I21,10)rJ=1,HEQ) WORKING SPACE. (DIFFERENCE TABLES

COMPUTED BY THE SUBROUTINE),

A9
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11,1, ONE=DIMENSIOQNAIL

11,11, QUADRATURE, CHE~DIMENGION, o,p,
11.101-10 IDCHTIFICATION
QUADRATURE, ONE=DIMENSIONAL, SINGLE PRECISION

LANG FILE £ T/Z7VERS S17F FNTRY MNAMESQ
FeV LIrJPLY RONMDP S/ UPL, 1291 (8)=681010) ROMBS, ROM?2

SUBROUTINES USED: #nUNEYN

COGNIZANT PERSONS: 1!, R. BUNTOM AMD M, DIFTHE| M,
JPLy SECTION 3101y 10609 4 EpPT 3

11.2,1.2, PURPOQSE

OBTAIN APPRONIMATE EVALUATION OF A OME=DIMENSTONAL DEFINITE
INTEGRAL UBY NUMERTCAL QUADRATURE ,

AMNS = THE INTEGRAL FROM A YO D OF F(X)tDY

Elslaleds PLFERE O

FOR A COMPLE™: DESCRIPTION OF THIS SUHROUTIME s, INCLUDING A
DISCUSSTON 0F A VARLETY OF TFST CASES, SEE:

WILEY Ro BUNTONe MITHAZRL DICTHCLM, AMD KAREW HALGLER, *ROMRERG
QUADRATUR: SUBROUTING rOP STIHGLE AND MULTIPLE XMTEGRALS?, JNL.

Wo ' TCHy My DIETHEL'. 6, W11 5, CHADITTED POMEE PG QUALRATUPE s A
SUBRPC TNz TH SUPPC T GIRERAL o0ILM“5F ¢ COMPUTINGY . apL IHTEPNAL
MIMOPANTUM T ZlB-zin. pepI 3, g7,

Wo BUNTOH, Mo OIETICLr, YHODTE-CATIONS To ThE gol. POMIERG
SUBROUTINES 'y TM 310=2u7s 1 Sr07, 5044,

S XN

110101.“0 METHOD

THIS SUBROUTIHE COMP T =y TECHMNIDIiE e, oM YROMRERG? AMD *ADAPTIVF
STEP' QUADRATURE MEYHCD S, THE ?UJNOUTINE THEITYALLY PICKS A
SUBINTERVAL [A/DL1Y oOF THE TOv AL VIYERVAL  FALH) AL ATTEMPTS

T0 APPROXIMATE THE INTEGRAL oven ) ek SUWI”T[vaL oy UsING TH"FE

Al0

4 v

P

|




i

JPL FORTRAW V SUBROUTINE 118 ¢ rolty 25 SEP 70 11-3

STAGES OF ROMISERG QUADRATURE o THiS ol ke &t VALUATION OF THE
INTEGRAND AT FIVE Lo Ly SPACTH POTNTS i

IF THIS QUADRATURE 17 PUGAENCD AS cnceri™oryl (GLES ERROR CONTROL)
THE SUBROUTIME W11 ADD THEC VALY OBYATNCD 7O A RUNNING SUM AND
PROCECD TO THEIAT A NEW DIGJSOINT SURINTERVAL OF THE SAME OR

GREATLCR LENGTH,

IF THIS QUADRATURE TS [INT [ GARDTD A% QUCCESSFHL AND THE CUPREMT
STEP LEMNGTH IS CREATER THAL (e vl THT SUBROUTINE WILL
REJECT THE ROSULT FOR fHE (UPRIHY SHsTritenRyal. AND TAKE THE LEFT
HALF OF THE SURINTE VAL AS Tui Iy SunIdMTRUAL TO BE TREATED,

IF THL CURRENMT STEP LENGTH TS HHYP  op THMALLERe THEM THE
SUBROUTTHE WILL ACCEPT THI curpl tt nEGULY AND PROCEED TO THE NEXT

SUBINTERVAL s wWRITING A MEGCLAGL ON FORTRAM UMIT 6 IDENTIFYING THC
SUBINTERVAL Oil WHICH THE ACCHRACY TEST VUAG HOT SATISFIED,

11.1,1.5. ERROR CONTROL

THE OQUADRATURL 1S REGARDED AS SATXICFACTORY OVER A PARTICULAR
SUBINTERVAL IF A

1, THE LSTIMATED RELATIVE tnpon oF TU'IE QUADRATURE OVER THAT
SUBTHTERVAL IS AT MOSLT  tHEMAX, OR

2., THE ESTIMATED £NROT IM THAT suynINTTRVAL RELATIVE TO THE
ACCUMULATED VAL UE OF THE THTEGPAL UP TO AMD INCLUDING THAT
SUBIMTERVAL 16 AT MOST ERMAYX,

5. THE ESTIMATED ABSOL YL ERRGR OVER THAT SUBINTERVAL IS AT
MOST o 1#ALG(ERMAX) ,

11,1,1.6. PARAMETER CHECICTIIG

THE SUBROQUTIME WI'L TOPMIMAYE PXECUTIOHN WITH A PRTHTLD MESSAGE
AD A STARNDARD CXLC A ALY -FBACK APCTUL ¢ P Thi GIVEH PARAMETIRS

DO NOT SATISGFY
ACBy 0P ADRY BUT NMOT ATRH
Jo<HMIWLE JHSTARGLLE (HMAX AND

RELATIVE = 0,<ERMANCE,Co BUT MOT FRMAXZN, 18
ABSOLUTE - ANY NEGATIVE NUMBER» BUT HOT =0, »

IF A,GT.8 OR IF MHSTAR,GE,(R=A)/ts ONLY A WARNING MESSAGE

S GOPY AVAILABLE TO DDG DOES NOT
., TERMIT FULLY LEGIBLE PRODUCTION
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11.1,1.7. USAGE

REAL Ar Bo Xo FOFXy HSTAR, HMIN, HMAX, ERMAX, ANS
INTEGER Ko KLY

CASSIGN VALUES TO Ay Bs HSTAR, 1iMIM, HMAX, ERMAXs, AND KEY)
CALL ROMBS(A»BsX,FOFXyHGSTAR Y HMIN, HMAX ¢ ERMAX 1 ANS s Ko KEY)

12 TEVALUATE THE INTEGRAND USING THE CURRENT VALUE OF X AND
STORE THE RESULT IN fOFX,]

CALL RouMz

IFIK,EQ.1) GO TO 10

CQUADRATURE IS COMPLETED, RESULT IS IN ANS)
THE SUBROUTINE PARAMETERS ARE DEFINED AS FOLLOWS:
A8 LIMITS OF IMTCGRATION, REQUIRE A NOT=O,

X VARIABLE SET BY THE SUBROUTINE FOR INTEGRAND EVALUATION
IN THE USCR'S PROGRAM,

FOFX VALUL OF INTLGRAND COMPUTED BY USER'S PROGRAM USING THE
ARGUMENT X,

HSTAR SUGGEGTED INITIAL STCP SXZF, THE INITIAL STOP SIZEs Hy
WILL BE SET AT Hz,01=(B=A) IF HSTAR.GE.(B=A)/0, OR AT
HZHGTAR IF HSTARLLT, (DAY, THE FINST SURINTERVAL WILL
BE OF LENGTH uo.xH AND VWIill. REQUINE FIVE FVALUATIONS OF
THE INTEGRAMD AT XzApA4ilga, s A2btH, SUGGEST
HSTAR,GE , (B=A) /t,

REQUIRE HMIN LLE, HSTAR LF, HMAX.

HMIN MINIMUM ALLOVARLE STEP SIZE, REQUIRE (s < HMIN LLE,
HSTAR
HMAX MAXTMUM ALLOWABLE STEP SIZ2E., REQUIRL HSTAR JLE, HMAX,

ERMAX TOLERANCI. ON RELATIVE OF ABSOLUTE FRIPOP, SEE DISCUSSION
ADOVE UNDER 'ERROR CONTROI', REASOMAGLE SETTINGS FOR ;
ERMAX WOULD B IN THE NANGE FROM 1 . E-it TO A =7, IF 5
GREATER ACCURACY IS REQUIRFD: SEC THE WRIVE-UP OM ROMBD. /
IT IS REQUIRED THAYT 0,LT,FRMX,LT.1, FOR THE RELATIVE
ERROR TESY, OHE SHOULD KNOW THE RANGE OF THE ANSHER

Al2
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ANS

KEY

11.1.1.8.

THE FOLLOWING MOTES MAY DF APPLICAPLE FOR

1, IF IM

B e BT

= e

BEFORE 0 tsE S ABSOLINT | RROR,

THE FINAL VALUF OF Ty IMTEGRAL ., AVALLADLE wHEN ROM2
RETURMS wITH K=p, :

BRANCHING FLAG SET OY THFE SUBROUTINE FOR USE IN THE
USER®S PROGRAM, K=l  MeaAlls THE USER SHOULD EVALUATE THC
INTEGRAND AT X, STORE THE VALUC Iit FFOFX,  AND RE=FENTER
ROMZ2, =  MEANS THE COMPUTATION IS COMPLETED ANND THE

VALUE IS IN  ANS,

FLAG TO CONTROL PRINTING OF [NROR MESSAGES, PREVIOUSLY,

ANY VALUL OF KFY NOT = 7 WOULD WRIVE A DIAGHOGSTIC MESSAGE

WHERN 14 BECAME LT HRIN, THE INPUT VALULS HAVE BEEN
CHANGED SO THAT WHFHN

ACTIOH
KEYZS  PRINT INTERMEDIATE T AND Y VALUESE PRINT THE HMIN
DIAGHOSTIC IF DEFICTED,

SO PRINY INTERMEDIATE T ANMD Y VALULSY DO NOT PRINT
THE HMIN DIAGNOSTIC,

27 DO NOT PRINT TiD T AND Y VALULS OR HMIN
DIAGHOSTIC,

SANY OTHER VALUE  PRIMNT THE HMIN DIAGNOSTIC IF
DETECTED.

THE 1 VALUES PRINTCO ARC T(1,00e TeLpo1)y AND T(2:0), THE
PRINTED ¥ VALUES ARE THE FUNCTIONAL. EVALUATIONS Y(1) THRU

Y(5) AT THE .POTNTS XsXHle, oo XtUil, SEL REFERENCES,

REMARKS ¢

DOUBT, OME SHOULLG USE A oMALL VALUES nof HSTAR, THE STER

SIZE H CAN DOUUBLE OuTCkKLY AMD THE ush? 1S p¢rNALIZED ONLY A

SMAL

NUMBER Orl FUNCTTOHAL 1 VALUATLIONS wiiItt HE INCREASES HIS

CHANCES OF GETTING AN ACCURATE APPROXIMATION MANY FOLD.

2, BE CAUTIOUS WHEN RELATIVE [RMAX 14 .GV, 1n=3, IF

HSTAR,

LT, (B=A) /4y BUT NOT SMALL ENOUGH. AND THE FUNCTION IS

OCCILATORY, VERY DIFFICULT: ETC,e ROMAS  CAN DFTURN A WRONG
ANGYER,  EXAMPLE: FOO=XSININNECOSY ON THE INTERVAL (0+2P1),
HSTARZL (57 TRUL ANSWERZ=,2C967248s A NULATIVE TOLERANCE OF 1
GAVE =.25L=5s AND A RCLLATIVE TOLERANMCE OF ,Cl GAVE 4,1883% BAD
ANSWERS,

Al3
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3, ALSO FOR REIATIVE ERMAX ,LT,)0#%%=, IF THE RFLATIVE ERROR IS

&,

ASKING FAR GREATFR THAN 6 STGMIFICANT DIGITS ONE 1€ PUSHING THE . _
ACCURACY OF THE UMIVAC 1163, OM A nloily OCCit ATORYs VERY
DIFFICULT PROBLEM,  ROMBY. DAY BE TAKTHG THOUGANINS MORLL

FUNCTYONAL LEVALUATIONS AMD HOT RCACHING THE ACCURACY IT DID AT
1Nse=0G, EXAMPLIY SAME FEX) AS ADOVE WHEN GIVEMN TOLERANGE WAS
1023=6y ANS= (20967280 WITH A 2009 FUMCTIONAL IVAUATIONS S BUT

WHEN WHEN EFRMAX=10ta~8, ANSTON0067765 AND 100267 FUNCTIONAL
EVALUATIONS,

IF ONE WANTS A ROUGH APPROXIMATTON OF TYHIL IMTRGRAL, HE CAN SET
HMINTHSTAR=HMAX, A FIXTH o570 ITHTREGOATION OF THE FUNCTION wILL
TAKE PLACE, Bt SURE THAT IFEV=7e O MANY DIAGNOSTICS MAY BE
PRINTED,

Al4
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4,2,13, EXPONENT AL INTEGRAL

“02015-10 IUENTIFICArION

EXPONCNTIAL INTEGRAL

LANG FILE ELT/VERE SIZE ENTRY NAMES
F=v ~ LisxuPLs DE1/UPL DEI

SUBROUTINES USED: DEXP,DLOG

COGNIZANT PERSQON: E«We NG, uUPL, SECTION 314, 1970, SEPT, 14

4.2,13.2, PURPOSE

i

COMPUTE THE EXPONENTIAL INTEGRAL IN DOUBLE PRECISION ARITHMETIC,
FOR X ,6T, 0, THE EXPONENTIAL INTEGRAL, E], IS DEFINED AS

EI(X) = INTEGRAL FROM T=«INFINITY TO T=X oF
(EXP(T)/T)sDT

WHERE THE INTEGRAL IS 10 BE INTERPRETED AS THE CAUCHY PRINCIPAL
VALUE. FoOR X ,LT, 0r EI(X) z==El(eX), WHERE

E1(2)=INTEGRAL FROM T=Z T0 TZINFINITY OF
(EXP(=T)/T)*DT

“02013030 METHOD

THIS SUBROUTINE COMPUTES THF EXPONENTI AL INTEGRAL BY
RATIONAL APPROXIMATIONS FROM W,J. CoDY A

MATH, compP, voL, 2z, ppP, 641-650,

CHEBYSHEYV
ND H.C, THACHER, JR,»
AND VOLo 2:! Ppo 289-3030

4924134, ACCURACY

EXTENSIVE TESTS WERE PERFORMED ON THE

UNIVAC 1108 AND THE
FOLLOWING ACCURACY STATISTICS WERE FouND:

INTERVAL MAXIMUM  RMg :
OF X RELATIVE RELATIVE

(=150, =4) 2.eD=16 5.10=17

Al5
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(=ly =1) 7.00=17 1.2D=17
(=10 O) A,7D=~18 1,4D-18
(2r 9.5) 1.8D<16% 3,.D=17x
(De50 6) 5,50=17 1,¢0-17
(6r 12) 1,60-17 3,0D-18
(129 24) 2,90~17  7.1D-18
(24 107) 8,90~17 1.90-17

25 SEP 70

CFe Eowe NGy COMM, ACM VOL., 13, H7y PP, 448=-449,

Be2415.5¢  USAGE
DOUBLE PRECISION DEI, X .
USE THE FOLLUWING FUMCTION Il A FORTRAN ARITHMETIC STATEMENT:
DET(X)
WHERE DEI IS THE COMPUTED VALUE OF THE EXPONENTIAL INTEGRAL.

he2¢13.6 LIMITATIONS

CI(0)==INFINITY IS APPROXIMATED BY =7,.,zD75 AMD EI(X .GT,
174,673) 1S APPROXIMATED BY +7,207%.

THESE L IMITATIONS WERE ORIGINALLY IMPOSED FOR THE IBM/360 AND HAVE
NOT BCEN MODIFIED FOR THE UMIVAC 1ius.

he2,13.7. ERROR EXITS

NONE

" Alé
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TSCALE

Specifications:

SUBROUTINE TSCALE (V,NPTS,VLOW,VHIGH,FIRST,IXORY)
INTEGER NPTS,IXORY

REAL V(NPTS),VLOW,VHIGH

LOGICAL FIRST

Purpose:
To scan the array V to obtain the minimum and maxiuum values,

which are then used to establish a range which produces a rational

scale for the axis.

Usage:

The subroutine should be called as

TSCALE(V,NPTS,VLOW,VHIGH,FIRST, IXORY)

where
V = array containing data to be scanned
NPTS = number of points in V to be scanned
VLOW,HIGH = receives upper and lower values for the range of V

FIRST = ,TRUE. for first call for each plot,
.FALSE. for subsequent calls which may be made
for a multiple curve plot. Note that all curves 4
should be scanned via TSCALE for a multiple curve
plot.

IXORY = 0 for abscissa,l for ordinate %

Al7




TSCALE (Cont'd)

! Note:
The abscissa is eight grids down the page, and the ordinate

1s 5 grids across. TSCALE need not be used if the range of values

is known.

Sem ke A18




TSETUP

Specifications:

SUBROUTINE TSETUP (XLOW,XHIGH,YLOW,YHIGH, IEORF,IGRID,LABELX,LABELY)
INTEGER IEORF,IGRID,LABELX(1),LABELY (1)
REAL XLOW,XHIGH,YLOW,YHIGH ~ :

Purpose:

To set up work area before data values to be plotted are stored
(via TPLOT). Labelling information, ranges of values for the
abscissa and ordinate variables, and options for grid and annotation

are input parameters.

Usage:

The subroutine should be called as

TSETUP (XLOW,XHIGH,YLOW,YHIGH,IEORF,IGRID,LABELX,LABELY)

where
XLOW,XHIGH = lower and upper values for the range of
(YLOW,YHIGH)
*  the abscissa (ordinate) variable
IEORF = option to set the format for annotating the
axes; supply 1HE for E-format (1PE10.3), or
1HF for F-format (F10.3).
IGRID = option to select grid; supply 1HG for grid,

1Hb (blank) for no grid.

Al9
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TSETUP (Cont'd)

LABELX(LABELY) = array containing the information to
label the X(Y) axis. LABELX(1l) (LABELY (1))
contains the number of characters, and the
labelling data itself is stored six characters
per word starting in LABELX(2) (LABELY(2)),

with a maximum of 30 (24) characters,

A20
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TPLOT

Specifications:

SUBROUTINE TPLOT(PLOT,ICHAR,NPTS,XV,YV)
INTEGER ICHAR,NPTS

REAL XV(NPTS), YV(NPTS)

LOGICAL PLOT

Purgose:

To store plot data and initiate plotting via PLOT control.

Usage:
The subroutine should be called as

TPLOT (PLOT,ICHAR,NPTS,XV,YV)

where
PLOT = .FALSE. if data values are to be stored'and
plotting deferred (for multiple curves on one plot);
.TRUE. if data values are to be stored and plotted.
ICHAR = single character used as plot symbol (e.g., 1H*)
NPTS = number of data points to be plotted
XV,YV = arrays containing the coordinate values to be
plotted, i.e., (XV(I)),YV(I)) is the Ith data point.
Restrictions:

1. 1If more than one data point occupies the same plot position,
the most recent value processed will be used.
2. Data values outside range specified by TSETUP will not be

plotted, but will be listed below the plot.

A2l
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Plane wave case
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Figure 2

(pages F6 to F8 )

Plane wave case
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Figure 3
(pages F10to F12)

Spherical wave case
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Figure 4

(pages Fl4to F16)

Spherical wave case
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Figure 5
(pages F18to F22)

liixed case
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Figure 6
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Mixed case

¥y - mixed no phase
¥y - mixed approximate E1 form
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wz - mixed no phase

EXDB - mixed no phase

EXDB - mixed approximate integral form
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Figure 7
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I.gure 8
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Spherical and mixed cases
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Figure 10
(pagesF45 to F47)

Mixed case
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Figure 11
(pages F49 to F51)

Mixed approximate integral case
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Figure 13
(pages F58to F63)

Beam patterns

Mixed approximate integral case
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Figure 14
(pages F65to F66)

Beam patterns

Mixed approximate integral case
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1 SH ITH=«I X ~=5H Tk = EL D Gy 2y el hUOH sEL0. 9

1050
1090

FOFMAT
FORMAT

2010 FORMAT
gns FORMAT
snEn FORMST

FORMST
FEAD 1
FRINT
0 400
FEHD 1
FEREINT
LIF=1
FREL.
LFL=0

e e XY

LAR=1
M=
1EM=1
1BM=1
IHFUT
IF iM%
FEAD 1
FFIMT
FEAD 10
FRIMT
FEAD 1

vSH O TRF=«1%

L5 FPM=9E10.4-3H96H THRHE=F7 .20

tdH EP=sELN, e 3e TH HMIHA=«E1 0, 40

C2EH ERFOF 1M COMTROL FARAFRMETERTY

4N RRPERDY . EOWHT . HOT AL ID FOF DIFF. FRER.

(A HPPROM. EoMT . OMLY WALID FOR MIWED CRETEDY
NIRRT
10z 0« HO0C

[=1eH01C
s LUFLF
101 0 L=
FOF HAFMOMIC

T HFR s HHL s HHHs HAS s TGy L AR M3 s TEM
FlaMFRaMHLsHHHsHAR s HT 0y LAFs M0y T EM

TTUDIEZs =2 FOF UP=-COMVERIIONS=2 FOR DIFF,

FOF FLAME WAYWEs =1 FOR EPHEFIéHL! =2 .FOF COMEIMED FHALE

FOR COMEIMED MO SHALE
IF WAHT HECRXIMATE ERUATIANT =0 OTHESWIZE
FOF MO 2130 ZCALEs=1 FOR S1G0 SCALE

FOF EBEEAM FATTERMy =0 DTHERWIZE

oMLY FOF LUP=Z AHD LAP=1
CAN BE ORGEHIZED BETTER DOES NOT

B EHT S S S

COPY AVAILABLE 10 O 00

B e, M FULLY LEGBLE PRODIETON

ﬂmﬂsfinthL=lsHiEF'
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AE30
1940
1550
150
1570

o =1
1540
1201
1510

1e20

1530

1410
150
1REn
15710
12510
15310
1700
1710
17&En
1720
17410
17S0
170
1770
1720
1790
1500
1310
1220
1220
1240
125
12=0
12710
i = :E: il

BEEL

1-‘||||
1210
1220
1321
19410
13510
13E0
1970
13210
1290
.-'_"L‘lllll'_l
St
S0=n
=N

N4 0
2050

[

S0S

ong

11

o

111

cil

114

FRIMT 1080y ZR0LYsL=1 M350

FEAD 1000y “ALMHs FREZs TEMC s TTH Zhik « RE NA

PRIMT 1070 THLMs PRETs TEMC s ITH T« RE 1IH

TALH=YAHLINITY IM FARTS FEF 1000 =0, FOR FRETH WATEF
FREZ=FFEZIUFE INM ATMOTFHEREE

TEMC=TEMFEFATIIFE IH DESFEET TEMTIGFALDE

ITR=1 FOF MARTH+ICHLILEIM FOFRM, =2 FOF RUZTTIRM FORM
TUF =TEH WHATER K« AHEOR=E DR

TOFD=0, 91457 HLH

DOT=0,S35E-2e 1, 1-5.S4E-JeFFEL

IF <ITH .E@., 13 TH= .EE‘E 1210, oo (1SN0, N/ CTEMI+Z 72, 007
IF CITA LED. &3 TA=Y1.0E=3/7SS, 0 < (TEMC+272. 00 610, Dee 0334, ()
1 (TZMC+2T 20000

IF fLAF .MF. 1» 30 70 113

FERD 1000s ISF

FRIMT 1020 IRF

IAF=1 FOF 15T AFFROM. FORMs=2 FOR ZHD AFPFFROX. FOFRM

IF “IEM .HE. 1+ 30 TO 205

FEARD 1000s FEMs THMAA

FRIMT 10230 REMs THAX

CO4T IMUE

IF 7LFT .3E. & a0 7O 204

FRIMT 2040

0 T 999

IF v (ME, 20 30O 7O 112

FRINT 2020

0 TO 923

CONTINUE

IF vLUF HE. &0 60 1D 101

FEAD 1000 FT n-LP

FRIMT 1030sFZ0sLFF

LFF=1 FOF DHLT M=-1 CURVEs=Z E0OR [IHLY H+) CURME.=2 FUOF BOTH
COMTIMUE

SEETE . OO AVLABE Ty g
ICHR (g =47 PRILALLE [ EQES
LED it PERRIT FULLY Lg5iE Pﬁﬁnusrﬁiﬂ

LEAD(zn="&"

IF JLPY .ME. 03 30 7O 114
IF «HIL JEQ. 00 30 TO 201
LESF 1y =%

LEsSPF rZ2r="TIG0eR"
G0 TO 11%
LEHF 1Y =1
LE«sFi2i="R

= T0 115

IF LPZ .ME, 11
IF M50 JE, O3
LEXPCLa=110

LE“F i29="TTRaneL”
LEAP CRy ="Mk 7

TO 115
o 202

a1 T

at
[ S
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Do l‘l.'.! FO Do fo o oo o o Do e T o o Do Do B Do Do Do D G T

e
z20vn
ch=n
200
1 kL
citn
clen
cl2n
c1d0
=150
clen
c1vn

ct1En

r
—
L
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S e e Sl e B e Wl

ot o P e P o o Do Qo fo Do Do

DN O N I IR SIS U B B S A 1 O U PR R 8 Y]
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DO X

[N LX)
N

A e R R R B e B e IR

D~ T ol

AN

0

M P o M Fo o no

50 TO 115
LESP L =5
LEARP v @hv="LHik2
=010 1S

IF (NIC LEG. 03 50 TO 203

LEXFel12=15
LExFr2o="TIE08R7
LEAP 2=  POTINH-
LESF da = vfa ”

=108 BT 8 ) 1=

 LEMF 1y =10

LEWF gy ="RRCZIM
LENF (30 ="HiF -
COMT IMLIE

LEYDIc1) =12
LEYDEr = EXTRA -
LEYD 3

|
]
[on]
m
-~
=
11

LEYDrdy="27
LEY1i1r=4

LBVl v&="Fi]1
LEvzdilr=4
LEYgczry="FPII2"
LBYMdlh=11
LEYMigy="TIFF, ~
LEYMi 2y ="FPED, 7
LEYZ o1y =2
LEYZigs="PL]iH="
LEYZ2iz =717
LEBYS )y =2 .
LEYSi2r="FI] N+~
LEWS a="1% "

IF <IEmM HE., 1» 30 TO
LEAT dlv =132
LESAT V2 =""HELE
LEXAT 7 2v="NEGREE”
LEAT vqu="27

LEYT 1y =21
LEYTr2o="F3] iH+ "
LEYT f20="1 FRE”
LEYT idi="2%RE 7
LEYT Ss="0E"
COMTINUE

00 350 L=1+HAR
RO D=SF ¢

N0 251 M=1MHZ05
TIEN=S15 0

R R PER O IS RS ey i

o nun

120

1F =0 JER, 0y SMEGE=MME

FERT=1. 0 "MFF
FEHF=FRHTeeZ eRDFI

IF «LiF JHE. & 50 7O
FE QR D= CHE e <2, ([
FERE=2. 0eFFATeRE RN

1oz
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el
-
L
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‘31
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o
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o 2
oL

L
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DU D 4

G T o Do o foe

2040
2050
S0END
2070
2020

O30

3100
L3110

1 &

113

104

10

111
110

10s

1Nz

THET=0.1
LTEE=r L IMeTHET ~ 2. 0y 1 eel
COMT INUE

IF fLRF JNME. 1y <D TO 119
CHLL AHFFRO

GO0 TH =51

COMTINUE

HHL &= eNHL

MHLE1=HHLZ+1

IF “MFR LE. MHLEY 30 TO 102
H=MHHL +MHHeNHL &1

b =HHL S+ 1

0o 102 J=1.H

HL d=tHL+1+
ArH=M00 ML e HHL 21

IF cdMM LB, 0 AMH=HH_ 21
GEaM= oML =0, S oML 2]
JOM=THT 0 ar
ERE=_DMHeMHFR+ M -MHL -1
ooy lhv=kR

COMTINLIE

0 7O 110

H=tH{HHeNHFF+MHL

EZH=NHFE

0o 111 4=is+H

piodr=1

CONTINLE

A=k TH-1

FoHe=kESH+ 1

HED=Cef

no 1to0s K=t.n:

W=D,

wik =0,

COMTINUE

IF L= HME., &Y 0 TO 107
WOEEH =0, 10
ek 2 2=1,0
=0 TO 112
IF vLUFP ED, 1
IF CLUFP (MHE, 2
WMok Ty =0,%

Wik ZHin=0,5

O G (0 3 (S 1)
» 30 TO 118

AIZUME PUMP FRERZ. IM MFR=1sMFRFE AND

COMT IMLIE

D01y =1

MHM=0

IF. G FPZ JHE, D 30 TO 10s
B=0, 0D0

RLO=0.0

IF (LUP JER, 29 Wioli=PEO0
TF IMAL=HMTG

FROlr=1,0E-2
HETFINHRL_e1, 0D-2

LS

DIFF,

FREL,

I



IEL HMIMA=TFIMAL®1, OE-4
2120 HMAYA=STFTHAL - 2. 10
2140 DELT=TFIMAL - 20. L
21E0 MATTER=2H
e TEFMD=TF IHRL-HMIMHA
2170 =0 TO 107
1En0 tne IF CLFZ (3E.
man F=1.000
200 FLO=1.10
T30 IF (LR LER, 2% Wrlr=sFINeEXP Y =FRRTe4- SHORN
T2 TFINAL =TEXF MR
=il FRola=1, 0E=-2

H= TFIHHL01.DD—

HMIMA=TFIHRL*]1, NE-9

] HMAHEAR=TFINAL. 2. 0

| DELT=MESF ¢¥Maa 20, 000y =1, 0D0

0 M TER=CD

K] TEMD=TF IMHL-HMINH

an =0 10 107

117 R=1,00-3

FLO=0.1

IF CLLIF JEG, 23 Wel)d=PENeEXF (~FRHTeeZeRUIFD
TFIMAL =DEXF CxM=ixy 2, 000 .
EPiii=1.NE-12 :

H=TFIMFRLe1, 0D-2

HHIHH TFIMHALe1, NE-4

HMASAR=TFINAL -2, 0

UELT—U.bnno,nE FOMMERe 20, D00 =1, 000

M=Z TEF=20

f}'é “. 8 - :
3420 1ov EE:'ITIILZ::HHL in'% GOPY A\JMLPNE Tg EB R%%%SCT‘:UB‘I
430 Do 104 KI=1sH

:: a1 ViZek I=1a= ik EG‘BLE P t

Ej;:: : ':':-'::::'{ ::1 =l -:’::tfi':- PERM” FULLY L

EE1AL : IYHek I =0

gﬂzﬂ 104 CETTIHUE . |

;j;g égig WODD CHE D s B s Yo Fa KT EFs IFLAGsHy HMTHAs HAAMAs DEL T TFIMAL »
3500 I MASTEFSESTER s KEMAS s EMAFNs K YHeTITY

2510 0 TO &
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4
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(X}

[CXEX]
N
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]
T
2
::
a3
e
;

]
o
Ly
=/
=
pel
[
=
=
-
&
=
J

L 00 ¥ I

TEE 4 CTHLL wODe
___n g R0 TO “10e i 0y 20D S0 &0 T 200y [FLAG

0 OMTINUE

3530 IF LR mE, &0 030 T 113
2SE0 EEFR=FTNSEHF L =FZFFeF
3570 FRIT= FkFLOEoETEP

=520 WOl =FEFRSLTIMIFRETY

350 : VS =REFR DI FRE TJ

200 112 CONTINUE

RN CHLL DERFINV (R«

ZES =0 TO 4

2RI 0 IF <R JBE, TFMD  » 30 TO oo
2ed ) CHLL OUTRFUT R Y f

L
=
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B
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4UUU
4010
4020
G030
G0
G050
400
4170
4020
4090
4100
4110
4121
4120

S 4140

4150
41410

_4170

IF ol# JRE. &&» &0 1O 200

IF VLPS JEQ. T B33 TO 4

IF (LFT JE0. 13 NELT=FRe vDEXF CAMTE-Z0, 0Dioy—=4, 0D

IF rLPT ,3E. &» LELT=CR+0. 500 ¢ (DEXP (HMIG 2N, opos =1, O
1 70 4

070 on

Uy}

S ORLL  DWTRLET e v

200

AN
291

209

CORLNYT kD

a0 1O 4

ERcli=22, «EMARSEF (17
=0 7O 4
HAIHH=HMIMAZ 10, 10 bggv’ﬂi
FRIMT S010sEF 1y sHMIMNA
TFMO=TF IMAL-HMIMA

“'6'5* (,
PLIIM{” LAYV T i |

i
HHM=HHEM+ 1 G @iii fﬁ?

i 1 LE. =3 13 j : J : §
T i e o ““«fn rufwb[!ﬁia'

FRIMT oz

"0 TO =233

CHLL QUTRLT R

COMTIMIE

CONTIAIE

IF CIEM .HE. 12 030 TOQ 350 .

CALL TIETUR OO, O THAMs =SS0, 0 0.0 IHF s IHE LESTLEYT?
00 2Rl M=1aHIE

I 2E2 K=1+41

FLAT vk saT ik o Mo

=FAT ok« M

IF vM LER, HZEYy o0 TO &3

CALL TRLOT (L. FHLIE. s ICHRE (MY a4 1aFLATaFLY T
GO T 2t

CCALL TRLOT O TRUE, « ICHR CMY s 3 1a FLET S FLY T

COMTIMUE
s0 TO 250
F el CMES i MRES T B
CHEL, - TEETUE v, i HH.-H Os o0 IHES THG s UERFsLEYL
0O Zul M=LeHER i
O 202 kE=1a1% ]

R S PR A N

2 BLY O =R K M

IE oM JER. MIGY G0 TO =02

CHLL TRLOT Y. FALTE. s TCHR MY o Ty PLEFLY S

-1 TO =01

CALL TRLOT Y. TRUE. s ICHR (MY s THa FLEPLY?
COMTINUE

IF CLAFP JER, 12 30 TO 217 )
oo F0d M=1.M705G

DO 205 Y=1s1x

Bl opy =P 0K s

PLY Gk =F2Z ik a b

IF M .GT,. 10 G0 7O 20

CHLL TIZCALESFLY s T WLOWWHIGHs . TRUE, + 10
=0 TO =2u4

L7



41210 w0e CALL TICALECRLY s THa VLW WHIGHs JFRLEZE, s 1

31390 04 CONTIMUE

4200 CHLL TZETUR D, 0 ¥MAX 0, D WHIGHY 1HE s THGY LEXFP s, < s
g1 pa 07 M=laMHin

g 00 2i4 v=1»1%

4220 FLS b =P Ok a1

32340 1 PLY (Fh=RPTE Ok s MY

4250 IF v JE. NG 50 TO 202

42 e CHLL TRLOTC.FRLEIE. s ICHR iM o TR FLEFLY

4270 =0 TO Za7

doEn ToE CALL TRLAOTC, TRUOE. « TCHR O s T PLM FLYY

d290 0V CONTINUE

JZ0n 217 DO 212 M=1aHEZG

4210 o 20 W=1I

2N Pl Ok =D Ok 10

20 210 PLY R =%TNEL kst

da40 FLY C1e=PLY 020

3250 IF oM 3T, 1 33 TO =211

4z CALL TECRLEYPLY s THa %LOWs WHIGHs . TRLE. o 12

4370 CALL TIZCHLE (PLs I=sRLOWs RHIGHs , TRLUE, » (3

4220 0 TO 21&

G IE 211 CALL TIZCALE CFPL'vs IxMs%LOWs WHIGHs .FRLIE. s 12

BRI CHLL TICALEPLX« IX«RLOWNs FHIGHs JFARLIE, » 00

44110 218 COMTINUE

420 CHLL TZETUFYRLOs PHIGHYWLOMYYHIGHY 1HE s 1HS s LEX Do L BY DY
3430 Do #0R M=1aM7206

EEEN D0 Zte K=1s1Ix

3450 FLw R = Tk e M

EETA] 16 FLY Ok 2 =HTEBL CF oty

44710 FLY C1s=PLY (20

3450 IF M (ER. HIGY G0 TO 21z

3430 - CHLL TRLOTCFRLEE. s ICHR CMY o T PLE FLYY

i S 50 TO Za9

45110 213 CALL TRLOTO.TRUE. s ICHR Ot s s L FLY Y

45210 209 CONTINUE
4520 =0 TO =250
45410 1S IF CLLP JHE. =
45510 IF JLPFP .EQ, 2
4S50 10 231 M=1eHI

45711 po - k=1s 1%

4520 PL R =T 0K s M X : :
4530 IS OPLY R =FIHL R s M

S0 IF v 3T, 1» 0 TQ =232 d

410 CALL TEZOALE CPLY s TRa WLO«WYHIGHY . TRLE, o 10

de20 CALL TECARLECPLM s IXvFLOWs FHIGHs . TRULE, o ()

dr, 300 D TO =21

JE4 0 233 CALL TECHLE CPLYs IMa VLD WHIGH (FRLTE, o 10

G50 CHLL TECALE Rl Iy FLOMs RHIGHs . FRHLEE, » 00

L] 321 COMTIMLIE

4270 CALL TEETURCPLOYRHIGH 0, O WHIGH THE s 1THG LB LEY 3
420 00 =24 M=1sMHEG

4530 00 239 k=ia1x

4700 i R =Tk s D

g
—
|gX]

30 1O FEN
FyokR0 TO O ERP

B <



308 PLY ko =PIHY O P
IF M B9, MIGe ] T 22k
CHLL TFLOTY . FALTE, « ILHR WM o Tl FLE S FLY
0 T 234
T3 CALL TRLOT O TRUE, s TEHRF opty o TR PLMFLY 2
Gug COMTINLE
W37 OIF LFP OLED. 1» 30 TO S0
pg =41 M=1aMinG
00 =242 F=1s1K
FlLw o v =s Dok o M
232 PLY ED=PINHS R M
IF M 537, 1v B0 TN 247
ChRLL TEICALE VPLY « I e LW WHIGH , TRUE. o 10
CHLL TICHLE CPLYs ITH«RLOWs FRIGHs , TRUE, « 1)
] 0 TA 241 '
| 337 CALL TICRLE cRPLY s I¥ e WL O WHIGHS JFRLIE, « 10
't CALL TICALE PLYe Ix«PLOMRHIGHY , FALZE . = 0
0 41 CONTIHULE
0 CALL TEETUR ' RLO«RHIGH« D, e YHIGHy 1HE« 1HGs LEHTI LEY 4D
It D0 24d M=1aMIn
0

.
ar
S
=]
=)

1

=
o
]

o OO D

210 D9 =49 kKE=1e1x

4320 FLS ek =50k e Mo

430N 345 PLY cha=FIMHZ ok M

43410 IF oM JEQ, NTRy 60 TO =4

AT CALL TRLOT ¢, FALEE., « ICHR cMr s I FLA«FLYY
G430 =0 TO Z44 : ‘

4370 I4E CHLL TRLOTC,TRUE. s ICHR vMa s Tide FLEs PLYY
4 244 COMTIHUE

4330 GO TO 290

S000 220 IF CLUFP JHME. Zx o0 TO 250

snin - DO =29 M=1+MEG

CTEOzn pg =22 kK=1e«1In

S0 Pl ok =P O e MY

S0gn TS PLY R =RPEL K e MY

SusS0 IF M 5T, 10 G0 T =222

St CALL TECALE CPLY e THs WLOW«WHIGHs , TRUE. « 102
SOV 0 TO =24

snEn . 22 CALL TECALE CPLYs DasWLOWMe WYHIGHs JFALLE, o 10
SR 324 CONTINUE

S0 CALL TEETUR OO, O xMAMs £, (s WHIBH 1HE s 1HG LEXF« LEYM)
<110 0o 221 M=teMIn ‘ :
S1zn DO &8 E=1«1n

S1z0 FLe R =P o e D

S140 F2ZE PLY (K =PITL K e M)

S150 IF oM JER, MInox GO0 TO 225

Slen CALL TRLOTC.EALZE,. s ICHR My s Ine PLH S FLYY
S17n a0 O 221

5120 H2% CTALL TRPLAOTC.TRUE. s ICHR CMy s T« PLAPLY D
S130 221 COMTIHLE

Senn IS0 CONTIMUE

Se10 400 COMTINHUE

Sean 293 EMD

PPEND

L9



1000
10110
1020
1020
10310
1050
t =1
10,70
1n=n
1=t
1i0mn
1110
1120
11350
1140
1150
11=0
1171
1120
1120
120
1210
1eesn
1220
12410
EE
TRl
12vn
1
121
15010
1210
1220
1320
1340
12510
12610
1270
1220
1330
14010
1410
1410
1420
1440
14510
1410}
1470
j420
14310
15010

il

41

1 PFRECESs S o HDEY €22+ D0 s PEHL 28

BRI A0 W Tl s S ERT £819 50

TUEFDUOTIHE S-FPROX

DIMEMTION Fol@De BT iEN d g WP (22 S B0 VEZs S o FE1 CZSe D0 s

Sy PENE (22 51 PIILE 148

DOUELE FRECTZION DELTOSDELTsRs TEIMAL s BMEIGs R TIIELT ]
DELTENELT 2« DELTADELTI

COMAC BLE D SFeuDe BT Le P ATEL 1y IFLAHG s PTHL s PEHS
1 RLOs M a0 s 5 T o PHT « THRS

PEIAEOEH e FRAT smuR i 10 Ea CE TR T HHL s MHHLE 1 s MHER s HHLE o LLIF

TG THF o F THa b SH s E S T Ak DRy TEM S REM
[4F=1 FOM 17T AEPROX. FOFMs =2 FOF EHD SFPROX. FORM
Im=1

IF YLFT L3E, =1 R0 TO 41

IF o.P% LED. 1+ 30 TO 4z

F:ﬂ,Uﬂ :

FLO=1, 1

TFINAL =215 ' ‘?
LELTU=TFINAL ~&0.nhn /0 4y
NELT1=TFRIMAL -1, Ulg

DELTE=TFImHAL 1. 003 [%’/; 4/[4511:
DELTZ=TFINAL 1. 0DZ ;?
DELTS=TFINAL"1. 001

ARy Ul

2 k=1, 000

FLd=1.10

TE THAL=DE S E CMTEy

DEL TO=DE R cxMan- 20, 00Ny =1, 0D
DELTI=DEMP cxmTn- ], 004« =1 . 00N
DELTZ=DEFP vsMzno1, 0022 =1,. 00N
DELT2={E"F v A1, 0Dy =1, 000
NELTS=LF <100l =-1.000

3 TY 4=

F=0, D0

FLAO=1, 1

TFINAL=DESF CxMZay o2, 000
DELTO=0ESF cxmMaa-20, 000y =1, 000
DELTI=0ESF M= 1. 0Ddy =1, 000
DELTE=LENF ¥ Bl 0Ey =1, 000
DELT2=DE=F By 0DEY=1 . 000
DELTS=D0ESFP exMIm- 1, 001y =1, DN

IF vLLP .HE, 2 G0 TO 20

CRESTORE PZI1 CLUMYE

THERE AFE OTHER TECHMIDUES FOR EWALUATING THE METTED
sz, 0 :

IF (LPE LEG, 10 ¥¥=1,0

ng 100 1R=1s+492

WRE

Rk CIR Y =9

EPLILKE CIRY=FRTT CHRyAOR D Z IR0 LRy TAFD
IF PRILECIRS JLE. 1.0E-200 PRILK (IR =1, NDE-20
IF oIf LE. 10 DELTI=DELTI

L10

0
V(g /)
50 TO 93 . giwfgﬁgﬂﬂ //0)

INTEGRAL



1510 IF vIF 5T, 10 JHHD, IR LE. 20 DELTI=DELTE
1520 IF oIF 53T, 20 JAMD. IF JLE. 203 DELTI=DELT?Z
1520 IF 7IF .T. =0 DELTI=IELTY
15410 IF LF% JEQ., 0 LDELXE=DELTI
15510 IF LPT ED. » DELH=x<eDELTI
15E 0 IF JLFZ .RE. &) UEL#E=CN+0, S e0ELTI
15710 AmmErEe DEL M
150 100 CONT IHUE
15910 IO IF CJIEM OJME. 1) 30 TO 20
16010 F=FrEM
110 THZE=THMR- &2, 1415237120, 0
1620 MHTH=41
1530 0 70 =1
1540 &N HTH=1
1550 TH==10, [
15813 21 00 2un ITH=1+HTH
1571 THET=«ITH-12eTM=-40,0
1220 WTOCITHaM) =THETe1 20, 02, 14159
120 40 Is=l=+1
1yon IF CIEM HE. 1y =D0IxsMr=R
1710 IF JLuP .HE. 12 =0 TO S0
17van PIIL=FFIIofFaRUORDsZIR0LFZY TAPY
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